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Abstract

The theory of professor Stanisław Knothe has become a basis for practical prognostic calculations of mining 
impacts and, by the same token, it has allowed initiation of large scale exploitation of major coal, salt and metal ore 
deposits located in the protective pillars of towns and important surface constructions/facilities. The theory of profes-
sor Knothe is being successfully applied by the Polish and international mining industries for over sixty years. One 
can certainly say that it is one of the best known and internationally recognized achievements of the Polish mining 
science. The article presents a brief summary of contemporary applications of the Knothe theory in calculation of 
rock mass and surface subsidence not only in their classic form relevant to calculations for mining coal deposits. The 
solution presented here is based on a mathematical model of deposit impacts and it includes, among other things, 
subsidence caused by fl uid deposit exploitation, heat extraction in deep geothermal applications and the uplifting of 
land surface caused by changes in mining water levels in closed hard coal mines.

Keywords: Knothe’s theory, salt caverns, fl uidized bed exploitation, reservoir mines, tunnels, deep geothermal 
installations

1. Introduction

The article will present a generalization of the Knothe theory consisting of an analysis of the deposit 
element impacts.

The size of the deposit element is determined in a way, so the trough formed by the extraction of this 
element is practically matching the fundamental solution in the form of a Gaussian function. Such a solu-
tion allows, among other things, precise consideration of the three-dimensional geometry of the selected 
deposit, i.e. the variation in its thickness and depth, inclination of the overlaying rock mass (overburden), its 
anisotropy, course of the mining operations in time through exact registration of the time of extraction of the 
deposit element and of other necessary information such as for example distribution of porosity and pressure 
in the case of fl uid deposit exploitation (Sroka, 1984; Sroka, Schober, Bartosik-Sroka, 1988; Hejmanowski 
et al., 2001). The general diagram of the correlations is shown in fi gure 1.

To better understand the concept of calculations and their generalization to other domains of mining, 
a dual-consequence diagram has been used.

The causes include human mining activity related to the extraction of solid, liquid and gaseous raw 
materials, construction of caverns for oil and gas storage, extraction of „heat” from geothermal resources or 
the fl ooding of mines by increasing mining water level and the occurrence of disintegrated rock mass areas 
formed by earlier mining operations.

Consequence No. 1 is the convergence of an emptied cavity within the deposit element caused by 
longwall extraction of hard coal, room and pillar exploitation of sulphur deposits or metal ores, compaction 
of porous fl uid deposits caused by reduction in the porous pressure, convergence of salt caverns, change 
in volume caused by cooling of the rock mass part due to extraction of „heat” or vertical expansion („de-
compaction”) of disintegrated porous post-mining areas due to an increase of porous pressure resulting from 
increased levels of mining waters. Consequence No. 2 is the deformation of rock mass and land surface. 
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Assuming that the impact function takes the form of a Gaussian function, with parameters given by 
Knothe (1951), we obtain (1):
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where:
 a – subsidence coeffi cient, depending on the mining method, being the ratio between the volume 

of the expected subsidence trough and the change in deposit zone volume caused by i.e. co-
nvergence or compaction (consequence No. 1),

 r – distance between the calculation point and the deposit element,
 K(t) – change in deposit element volume in time t,
 R – radius of the main infl uences range (R = H ·cotβ),
 H – mining depth,
 β – angle of the main infl uences (Knothe, 1953),
 Δt – delay time caused by the retarding impact of the overlaying rock mass.

2. Calculation of land surface subsidence over salt cavern fields used 
for storage of liquid and gaseous energy resources

In the mid-eighties, land surface subsidence caused by convergence of caverns in salt rock mass in 
Germany has reached measurable values. In a project fi nanced by the Lower Saxony government, based on 
the Knothe theory, Sroka and Schober (1982) have formulated a solution (2) for the distribution of subsid-
ence over a single cavern (Fig. 2).
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where:

 cot ,      cot ,u u o oR H R H   (4)

 S(r,t) – subsidence of a surface point at time t, point located on land surface in distance r from the axis 
of the cavern,

 Smax(t ) – maximum subsidence at time t,

Fig. 1. Block diagram of the calculation model
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 Ho – depth of the cavern roof,
 Hu – depth of the cavern fl oor,
 Ro – parameter of the horizontal infl uence scale in the horizontal direction (so-called radius of main 

infl uences, counted from the cavern roof),
 Ru – radius of main infl uences, counted from the cavern fl oor,
 h – height of the cavern. 

Making a few simplifying assumptions, formula (2) can be replaced (with very good approximation) 
with formula (5):
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where:

 o uR R R   (6)

Formula (5) indicates that there is a relationship between the maximum subsidence and the volume 
of the subsidence trough (7):
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where: M(t) – volume of the subsidence trough.

In the case of a cavern fi eld, calculation of subsidence in a randomly selected point of the land surface 
is done by assuming a linear superposition – summing up the subsidence of individual caverns. The volume 
of the subsidence trough M(t) depends on the volumetric convergence K(t), on the delaying impact of the 
overlaying rock mass and possible losses of volume related to the deformation of the rock mas overlay. 
Convergence in time can be analytically described using a logarithmic or exponential function (Sroka 1984; 
Schober, Sroka 1987 and others). For example, assuming a model of incremental salting-out, Schober and 
Sroka (1987) concluded that the volume of the subsidence trough on the surface can be described by the 
following formula (8):

 
1 exp expfM t a V t f t
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Fig. 2. Subsidence trough over a salt cavern
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where:
 a – volume loss coeffi cient (a = 1.0 – passage across the rock mass without loss of volume),
 V – initial volume of the cavern,
 ξ – relative rate of volumetric convergence (i.e. ξ = 0.02 year–1 means that the volumetric conver-

gence is taking place at a rate of 2% of the current volume per year),
 f – relative velocity of the trough’s migration across the rock mass [year–1].

In situ analyses of subsidence results indicate that coeffi cient a is practically equal to one, which means 
that there are no volume losses in the rock mass (Hartmann 1984; Sroka et al. 1987).

Formula (8) can be presented in a simplifi ed form (9):

 M t a K t t   (9)

 

ft
f

  (10)

where:
 K(t – Δt) – volumetric convergence of the cavern in time t – Δt,
 Δt – delay time caused by the retarding impact of the overlaying rock mass.

Value Smax(t) also depends on the shape of the cavern (i.e. cylinder, sphere or cone) and on the geo-
metric model of convergence (Haupt et al., 1983; Hartmann, 1984; Sroka et al., 2017 and others). Results 
of the comparative calculations performed lead to the conclusion that the value of maximum subsidence can 
be very well approximated with formula (11):
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Despite the necessary geometric and physical idealizations of cavern geometries, course of the con-
vergence processes and phases of exploitation, the comparative calculations performed for the EPE cavern 
fi eld (in Germany) have fully confi rmed the suitability of the solution presented (Hengst 2014). Figure 3 
shows a comparison of the subsidence values calculated and measured over the EPE cavern fi eld.

Fig. 3. Comparison of the 2006 subsidence measurement results (continuous line) and theoretical calculation results (dotted line) 
at the EPE cavern fi eld (Hengst, 2014)

Additional algorithms have been developed to allow calculation of cavern convergence based on land 
surface subsidence measurements (Sroka, 1984; Leitzke, Sroka, 1987). In 2015-2017, the Solvay company 
has contracted development of a new software allowing calculation of all deformation indexes for land 
surface and rock mass, including among other things expected deformations along boreholes connecting 
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land surface with the cavern. In reality such boreholes may be damaged by cavern convergence and lead to 
environmental threats (Sroka et al., 2017).

3. Subsidence calculations in fluid deposit exploitation

Following the calculation procedure presented for elements of a fl uid deposit, the corresponding el-
ementary trough on land surface can be described with the following Knothe theory-based formula (1). In 
this case, parameter K(t) describes the compaction volume of a porous element of a fl uid deposit at time t. 

The horizontal dimension of the square-shaped deposit element shall not exceed L ≤ 0.1R (Sroka, 
1984). An important stage is the break-down of the exploited fl uid deposit into elements having the follow-
ing parameters:

– coordinates x,y,z,
– depth H,
– thickness of the deposit layer M,
– porosity η,
– rigidity module Es,
– porous pressure at different moments in time p(t).

Such a discretization of the deposit (Fig. 4) allows complete consideration of the three-dimensional 
shape of the deposit and spatial distributions of properties, necessary to perform the calculation process. 

Fig. 4. Diagram of fl uid deposit discretization to deposit elements

The cause-effect model indicates that the cause of land surface subsidence is the compaction of po-
rous deposit rock formations due to a reduction in pore pressure. In the case of the deposit element (Fig. 5), 
deposit compaction leads to the formation of a so-called elementary trough, described with formula (12). 
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where:
 ΔMi(t) – absolute vertical compaction of the i-element at time t,
 sj, i(r,t) – subsidence of the j-point of land surface caused by compaction of the i-element of the deposit,
 rj, i – distance between the j-calculation point and the i-element of the deposit.

Total subsidence of a random point of the land surface is being calculated with the assumption of the 
so-called linear superposition, which is the sum of point subsidence from individual elements of the deposit: 
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where: N – number of deposit elements. 
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In the case of rock deposits such as sandstone with a porosity up to 20%, deposit compaction can be 
estimated using the Biot consolidation theory: 

 0i mi i iM t C p p t M   (14)
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  (15)

where:
 Cmi – compaction ratio of the i-deposit element, being the vertical deformation of the deposit per 

unit pressure change,
 p0 – initial pressure,
 pi(t) – pressure in the i-deposit element at time t, 
 Mi – thickness of the porous deposit, 
 Esi – rigidity module of the deposit rock formations, 
 λi(η) – Biot index depending on the type of deposit rock formation and its porosity. 

The value of the compaction ratio depends on the type of rock formation and its deformation pa-
rameters. Literature often refers to the correlation between the value of the compaction ratio and porosity 
(Teeuw, 1973; Schutjens et al., 1995). 

Figure 6 shows a comparison of the calculation and measured profi le of the subsidence trough over 
the gas deposits in Groningen/Netherlands (Sroka, Schober, 1990). 

4. Calculation of land surface raising in the process 
of mining water level increase

In the case of longwall cavern mining, a disintegrated rock mass area forms above the mined cavity. 
This zone is characterized by a relatively high porosity and thus high permeability and capacity as a water 
reservoir, created by the rising table of mining water. Increasing pressure in the pores of the disintegrated 
rock mass zone leads to its expansion and increase in volume. The change in volume capacity of the disin-
tegrated zone may be described with formula:

 
2
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where:
 λ – relative height of the disintegrated rock mass element (i.e. λ = 3 corresponds to an absolute 

height equal to three times the thickness of the mined deposit),

Fig. 5. Land subsidence forming above the exploitation of the i-element of the deposit
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 Δp(t) – porous pressure increase in the disintegrated rock mass area, depending on the water head over 
that area,

 dm – expansion coeffi cient; example values in Table 1.

Tab. 1. Experience to date concerning land surface rising caused by fl ooding of former hard coal mines (Graovski et al., 2013)
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Zwickau [6] 1150 15 9 16 0.24·10–2 46.6 Fenk

Limburg [17] 1000 14 10 23 1.40·10–2 λ = 4;
0.35·10–2 Pöttgens

Freital Bannewitz [27] 640 5 2.7 6.6 1.44·10–2 λ = 4;
0.36 ·10–2 Pöttgens

Freital Gittersee [27] 280 5 2.46 2.8 0.51·10–2 λ = 4;
0.13 ·10–2 Pöttgens

Freital Bannewitz [27] 640 5 2.67 6.6 0.22·10–2 45.91 Fenk
Freital Gittersee [27] 280 5 2.46 2.8 0.12·10–2 16.40 Fenk
Ibbenbüren Westfeld 

[12] 730 4.5 1.9 10.1 1.44·10–2 λ = 3;
0.46·10–2 Pöttgens

Sophia-Jacoba [18] 790 25 12 gon 1.06·10–2 λ = 4;
0.26 ·10–2

Sroka & 
Preuße

Königstein 260 18
Teilversatz 1.1 3.5 11 gon 0.89 ·10–2 λ = 4;

0.22·10–2
Sroka & 
Preuße

Königstein 260 18
Teilversatz 1.1 3.5 0.29·10–2 6.68 Fenk

Königsborn* 1000 17.8 11.5 21.6 12 gon 1.09·10–2 λ = 3;
0.36·10–2

Sroka & 
Preuße

(* – status as of 2015) Figures in [] brackets refer to the original publication)

Fig. 6. Comparison of the measured and theoretically calculated subsidence trough for the Groningen 
gas deposit (status as of 1987)
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As part of the research project contracted by the RAG Aktiengesellschaft coal company, Sroka and 
Preuβe have performed in 2012 a forecast of land uplifting for the Königsborn mine (eastern area of the 
Ruhr). Measurement results from 2015 (Fig. 7) after completion of the fl ooding procedure have confi rmed 
at least qualitative compliance with the prognostic calculations made based on the Knothe theory (Sroka, 
2005; Sroka, Preuße, 2009).

Fig. 7. Comparison of the calculated and measured uplifts in the Königsborn mine area 
(Sroka, Preuße, 2015)

5. Calculation of subsidence over tunnels

In 1952, professor Knothe has published a solution concerning forecasting of land subsidence for the 
fi rst metro (subway) line project, to be built in Warsaw. This solution has also been presented in the sessions 
of the International Rock Mass Mechanics Offi ce in place at that time, whose members included eminent 
scientists and engineers specializing in the domain of rock mass mechanics.

Later on, Peck (1969) and Schmidt (1974) have formulated a solution based on the same principle, 
i.e. the fundamental Gaussian function solution, in the form of the following formula (17):

 

2 2

max 2 2exp exp
22 2
kVx xs x s

ii i
  (17)

where:
 x – distance of the calculation point from the axis of the tunnel,
 smax – maximum subsidence over the axis of the tunnel,
 i – parameter of a value corresponding to the distance between the subsidence trough infl ection 

point (in this point, subsidence rates reach approximately 0.6 smax) and the axis of the tunnel,
 Vk – tunnel convergence volume per 1 m of its length [m3/m].
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The value of parameter i depends on the rock and ground condition of the layers on top of the tunnel. 
According to Schmidt (1974), for a rock mass formation, the value of this parameter can be calculated with 
formula (18):

 2
Hi a
a

  (18)

for 0.8 ≤ χ ≤ 1.0 .

Whereas according to Atkinson and Potts (1977), formula (19) and (20):

 i = 0.25(H + a) (19)

 i = 0.25(1.5H + 0.5a) (20)

where:
 H – depth of the tunnel,
 a – radius of a circular cross section tunnel.

The fi rst formula is applicable to fi ne grain grounds (i.e. sand), medium compaction without additional 
load of the land surface and the second formula to compacted and pre-consolidated grounds with additional 
surface loading (Tajduś et al. 2016 and others).

Comparing the solution by Peck with the parametrisation defi ned by Knothe, we obtain a relation-
ship between the parameter of impact range and parameter i: 2r i , leading to the following solution:
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where: 

 max
hVs
r

  (22)

The solution related to the application of Knothe’s theory in calculation of indexes of land defor-
mation over tunnels in construction, in determination of permissible daily progress of drilling (related to 
the protection of land surface constructions) and in protection of land facilities and constructions using 
retainer walls is presented, among others, in the publications of Hörich, Sroka (2004), Tajduś et al. (2016) 
and Misa (2016).

6. Subsidence calculations in the case of deep geothermal installations

There are antennas of the German Centre of Aviation and Space (Deutsches Zentrum für Luft- und 
Raumfahrt e.V. (DLR)) near a planned geothermal installation. Further to the above, due to the great im-
portance of those antennas, used among other things to plot position and coordinate movements of artifi cial 
satellites, the DLR has reported concerns related to the possible disturbance of antenna operation caused by 
the geothermal installation and more particularly by potential land subsidence.

The solutions and analyses presented by the authors (Sroka, Tajduś, 2011) being part of the expert 
review performed for that purpose, demonstrated that the vertical land surface displacements caused by deep 
geothermal operations may be caused by the following factors:

1. extraction of volumes,
2. increasing or decreasing pressure in the geothermal deposit, and 
3. thermal contraction – lowing of the temperature of the geothermal reservoir rock formation and the 

resulting change in volume of the reservoir rock.

Analysing the planned production diagrams and the assumptions for the planned installations in Weil-
heim, approximately 40 km south from Munich it has been found that the fi rst two factors have practically 
no impact on vertical displacement of land surface points. The production process assumes that the produc-
tion and re-injection boreholes will be operated in a closed-circuit system, without extraction of volumes 
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(water) from the geothermal reservoir. Also changes of pressure in the rock mass are relatively small and 
insignifi cant from perspective of possible land surface displacements. The project assumed that in the area 
of the production boreholes, pressure in the reservoir will drop by approximately 7 bars, whereas in the 
reinjection borehole area it will increase by approximately 12 bars.

Of the three factors listed, the remaining one is therefore the thermal contraction factor. The project 
assumes the over a period of 30-35 years, temperature of the reservoir rock formations will decrease by ap-
proximately 88°C. Decrease in temperature will lead to shrinking of rock volume in the geothermal reservoir 
and in consequence, among other things to the subsidence of the overlaying rock formations.

The Weilheim geothermal deposit is located in the Late Jurassic geological formation composed of 
limestone and dolomite rock formations. The deposit lays at a depth of 3050 m (top edge) and its thickness is 
of approximately 350 m. Design studies and simulation calculations allowed determination of the geometry 
of the reservoir in which the temperature will be decreasing. Calculations indicate that this geometry can be 
described with a cuboid with a square base (1028 × 1028 m) and height equal to the thickness of the reser-
voir (350 m). Calculations have also indicated that due to the cooling of the geothermal deposit, its height 
will decrease by approximately 250 mm. Table 2 shows results of calculations of the maximum subsidence 
and subsidence and inclination near the location of the closest antenna. The calculations were made for an 
impact range angle between 30° and 50°.

Tab. 2. Calculation results for maximum subsidence and subsidence and inclination in the AN1 antenna location, 
depending on the value of main impact range angle

β [°] smax [mm] sAN1 [mm] TAN1 [mm/m]
30 7.4 6.7 0.0013
35 10.7 9.1 0.0026
40 14.9 12.0 0.0047
45 20.3 15.1 0.0080
50 27.4 18.4 0.0132

Results of the land subsidence distribution and boundaries of the reservoir in which there will be 
a decrease in temperature are shown in Figure 8.

Fig. 8. Land surface subsidence in the area of the geothermal installation 
(Legend: AN1 – nearest DLR antenna, I – reinjection boreholes, P – production boreholes)
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The maximum value of inclination for the AN1 antenna location is TA = 0.0132 mm/m = 0.76 m deg. 
This value is approximately ten times lower than the boundary value indicated by the DLR (threshold value 
requiring adjustment of the antenna’s vertical alignment).

7. Application of the Knothe theory in modelling increase 
in vertical pressure

The introduction of high-yield longwalls in the Ruhr Coal Mining industry led to high risk levels in 
the longwall mining areas adjacent to active mining operations. This was caused by signifi cant increases in 
exploitation pressure in the area of longwall mining front, which in turn led to signifi cant convergence in 
the undercut mining drifts. In order to predict the exploitation pressure, theories of professor Knothe were 
used in calculation of the components of the deformation tensor in points located in the rock mass (Sroka, 
Schober, 1989). 

Classic theory of elasticity indicates the following relationship between deformation of the rock mass 
caused by mining operations and the increase in vertical pressure:

 33 332zz   (23)
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1

i

ii
i

  (24)

where: λ,μ – Lame constants.

This model, as indicated by mining practice, allows a relatively accurate determination of the distri-
butions of exploitation pressures and it is qualitatively compliant with the Everling-Meyer (1972) and te 
Kook (1989) models applied by the German mining industry. In comparison with these models, the model by 
Sroka, Schober (1989) is allowing simple consideration of the mining exploitation rate, having a signifi cant 
infl uence on the value of deformation εii (i=1-3), more particularly on the value of vertical deformation.

8. Conclusion

The conclusion from this report is that the current applications of the Knothe theory are much more 
extensive than its classical application in the mining of coal deposits. Knothe’s theory is a versatile tool 
allowing formulation of simple and transparent solutions to many issues related to the calculation of subsid-
ence and other deformations caused by extraction of volumes from the rock mass formations due to mining 
or post-mining activities.
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